
Exercise 1 

Consider the following yield equation, as presented in the lecture:   

𝑦𝑦𝑐𝑐 = 𝛽𝛽𝑐𝑐 𝛾𝛾𝑐𝑐 𝑦𝑦𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟    

with 𝛽𝛽𝑐𝑐 = 𝑚𝑚𝑚𝑚𝑚𝑚�𝜀𝜀,𝑚𝑚𝑚𝑚𝑚𝑚�1 − 𝜅𝜅𝑐𝑐
𝑦𝑦�1 −  𝜔𝜔𝑐𝑐 𝜔𝜔𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟⁄ � , 1� �   

 𝜔𝜔𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝐸𝐸𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟 U where U unit conversion from mm to m3/ha   
(hence, U = 10000/1000 = 10) 

𝐸𝐸𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜅𝜅𝑐𝑐 𝐸𝐸𝐸𝐸0  evapotranspiration rate in mm 

 

and 𝛾𝛾𝑐𝑐 = max{𝜀𝜀,  min( (𝜏𝜏𝑐𝑐 �̅�𝑠 + 𝜐𝜐𝑐𝑐)/100, 1)}   with salinity  �̅�𝑠  in dS/m 

 

where 

• coefficients  𝜅𝜅𝑐𝑐
𝑦𝑦  > 0, 𝜅𝜅𝑐𝑐 > 0, 𝜏𝜏𝑐𝑐  < 0, 𝜐𝜐𝑐𝑐 > 0  

• location-specific evapotranspiration 𝐸𝐸𝐸𝐸0 and  crop-specific reference 
evapotranspiration 𝐸𝐸𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟 are measured in mm 
• 𝜀𝜀  a small positive value. 

 
From this yield equation the shadow price of water can be calculated as:  

𝑝𝑝𝑐𝑐  𝜕𝜕𝑦𝑦𝑐𝑐
𝜕𝜕𝜔𝜔𝑐𝑐

=  𝑝𝑝𝑐𝑐𝛾𝛾𝑐𝑐𝜅𝜅𝑐𝑐
𝑦𝑦 (𝑦𝑦𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟

𝜔𝜔𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟)  if  𝜀𝜀 < 𝛽𝛽𝑐𝑐 < 1 

   and equal to 0 otherwise 

(pre-multiplied by 1000 if the price is expressed per kg and the yield is expressed in ton) 

 

Assignment: 
Open the Excel file of exercise 1. Worksheet Intro gives an introduction and worksheet 
SPbycrop the calculation of yields and shadow prices of water for four crops. The current 
outcomes follow from the input data specified in green. 

a) Test the dependency of the outcomes on the general climatic conditions by adjusting the 
local evapotranspiration rate 𝐸𝐸𝐸𝐸0 

b) Test the dependency of the outcomes on actual water availability by raising it by 10% for 
each crop 

c) Test the dependency of the outcomes on salinity by doubling it 
d) Check how the (high) shadow price of vegetables responds to changes in the crop-

specific input data.  



Exercise 2 

Consider the same yield equations as in Exercise 1 but now with distinction of growth 
periods 𝑔𝑔:   

 𝑦𝑦𝑐𝑐 = ∑ 𝛽𝛽𝑐𝑐𝑐𝑐 𝛾𝛾𝑐𝑐𝑐𝑐 𝑦𝑦𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟

𝑐𝑐      

with 𝛽𝛽𝑐𝑐𝑐𝑐 = 𝑚𝑚𝑚𝑚𝑚𝑚�𝜀𝜀,𝑚𝑚𝑚𝑚𝑚𝑚�1 − 𝜅𝜅𝑐𝑐
𝑦𝑦�1 −  𝜔𝜔𝑐𝑐𝑐𝑐 𝜔𝜔𝑐𝑐𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟⁄ � , 1� �   

 𝜔𝜔𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝐸𝐸𝑐𝑐𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟 U where U unit conversion from mm to m3/ha   
(hence, U = 10000/1000 = 10) 

𝐸𝐸𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜅𝜅𝑐𝑐𝑐𝑐 𝐸𝐸𝐸𝐸𝑐𝑐0 evapotranspiration rate in mm 

𝑦𝑦𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝛼𝛼𝑐𝑐𝑐𝑐𝑦𝑦𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟 yield increase by growth period, in ton/ha 
  

and 𝛾𝛾𝑐𝑐𝑐𝑐 = max�𝜀𝜀,  min� (𝜏𝜏𝑐𝑐 �̅�𝑠𝑐𝑐 + 𝜐𝜐𝑐𝑐)/100, 1��   with salinity  �̅�𝑠𝑐𝑐  in dS/m 

 

where 

• coefficients  𝜅𝜅𝑐𝑐
𝑦𝑦  > 0, 𝜅𝜅𝑐𝑐 > 0, 𝜏𝜏𝑐𝑐  < 0, 𝜐𝜐𝑐𝑐 > 0  

• location-specific evapotranspiration 𝐸𝐸𝐸𝐸𝑐𝑐0 and  crop-specific reference 
evapotranspiration 𝐸𝐸𝑐𝑐𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟 are measured in mm 
• shares of yield increase by period 𝛼𝛼𝑐𝑐𝑐𝑐 > 0  and ∑ 𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐 = 1 
• 𝜀𝜀  a small positive value. 

 
Here, the shadow price of water differs by growth period: 

   𝑝𝑝𝑐𝑐  𝜕𝜕𝑦𝑦𝑐𝑐
𝜕𝜕𝜔𝜔𝑐𝑐𝑐𝑐

=  𝑝𝑝𝑐𝑐𝛾𝛾𝑐𝑐𝑐𝑐𝜅𝜅𝑐𝑐
𝑦𝑦 (

𝑦𝑦𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟

𝜔𝜔𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟)    if  𝜀𝜀 < 𝛽𝛽𝑐𝑐𝑐𝑐 < 1 and equal to 0 otherwise 

(pre-multiplied by 1000 if the price is expressed per kg and the yield is expressed in ton) 

 

Assignment: 
Open the Excel file of exercise 2. Worksheet Intro gives an introduction and worksheet 
SPbyperiodC the calculation of yields and shadow prices of water for cereals, by growth 
period. The current outcomes follow from the input data specified in green. 

a) Give a technical explanation for the differences of the resulting shadow prices across 
periods 

b) Test the dependency of the outcomes on the yield growth pattern by shifting part of 
mid-season yield increase to other growth periods  



Exercise 3 

Consider the farm model, as presented in the lecture, with the same yield functions as in 
exercise 1 : 

𝑀𝑀𝑚𝑚𝑚𝑚
𝑞𝑞𝑐𝑐, 𝑣𝑣𝑐𝑐 , ℓ𝑐𝑐,𝑤𝑤𝑐𝑐,𝑚𝑚𝑐𝑐 ≥ 0  ��𝑝𝑝𝑐𝑐𝑞𝑞𝑐𝑐 −��̂�𝑝𝑘𝑘𝑣𝑣𝑘𝑘𝑐𝑐

𝑘𝑘

�
𝑐𝑐

 

  subject to ∑ 𝑚𝑚𝑐𝑐 ≤ �̅�𝐴𝑐𝑐                                      (𝜆𝜆)  

    ∑ 𝑤𝑤𝑐𝑐 ≤ 𝑊𝑊�𝑐𝑐                                    (𝜇𝜇) 

    ∑ ℓ𝑐𝑐𝑐𝑐 ≤ 𝐿𝐿�                                      (𝜌𝜌) 

𝑞𝑞𝑐𝑐 = 𝑦𝑦�𝑐𝑐  𝑚𝑚𝑐𝑐  

𝑣𝑣𝑘𝑘𝑐𝑐 ≥  𝜓𝜓�𝑘𝑘𝑐𝑐 𝑚𝑚𝑐𝑐 

ℓ𝑐𝑐  ≥  ℎ𝑐𝑐(𝑚𝑚𝑐𝑐;  𝑚𝑚�𝑐𝑐𝑡𝑡 ,  𝑚𝑚�𝑐𝑐𝑑𝑑) 

𝑤𝑤𝑐𝑐  ≥  𝜔𝜔�𝑐𝑐 𝑚𝑚𝑐𝑐 

 

Ex-ante calculations:   

1) 𝑦𝑦�𝑐𝑐 = 𝛽𝛽𝑐𝑐 𝛾𝛾𝑐𝑐 𝑦𝑦𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟    

with 𝛽𝛽𝑐𝑐 = 𝑚𝑚𝑚𝑚𝑚𝑚�𝜀𝜀,𝑚𝑚𝑚𝑚𝑚𝑚�1 − 𝜅𝜅𝑐𝑐
𝑦𝑦�1 −  𝜔𝜔𝑐𝑐 𝜔𝜔𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟⁄ � , 1� �   

 𝜔𝜔𝑐𝑐 = 𝜒𝜒𝑐𝑐0 𝑊𝑊� 𝑚𝑚�𝑐𝑐0⁄  

𝜔𝜔𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝐸𝐸𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟 U where U unit conversion from mm to m3/ha   
(hence, U = 10000/1000 = 10) 

𝐸𝐸𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜅𝜅𝑐𝑐 𝐸𝐸𝐸𝐸0  evapotranspiration rate in mm 

 

and 𝛾𝛾𝑐𝑐 = max{𝜀𝜀,  min( (𝜏𝜏𝑐𝑐 �̅�𝑠 + 𝜐𝜐𝑐𝑐)/100, 1)}   with salinity �̅�𝑠  in dS/m 

 

2) 𝜔𝜔�𝑐𝑐 =  𝜔𝜔𝑐𝑐   

 
where 

• coefficients  𝜅𝜅𝑐𝑐
𝑦𝑦  > 0, 𝜅𝜅𝑐𝑐 > 0, 𝜏𝜏𝑐𝑐  < 0, 𝜐𝜐𝑐𝑐 > 0  

• location-specific evapotranspiration 𝐸𝐸𝐸𝐸0 and  crop-specific reference 
evapotranspiration 𝐸𝐸𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟 are measured in mm 
• ex-ante water allocation shares 𝜒𝜒𝑐𝑐0 > 0 while  ∑ 𝜒𝜒𝑐𝑐0𝑐𝑐 = 1 



• ex-ante crop areas 𝑚𝑚�𝑐𝑐0 > 0 
• 𝜀𝜀  a small positive value. 

 
Furthermore, function ℎ𝑐𝑐  is specified as:     ℎ𝑐𝑐 =  𝜂𝜂𝑐𝑐 �̅�𝜗𝑐𝑐 𝑚𝑚𝑐𝑐    with 

 �̅�𝜗𝑐𝑐 reference labor input per hectare for crop c 

 𝜂𝜂𝑐𝑐  labor augmenting factor for crop c  

 where 

  𝜂𝜂𝑐𝑐 = 1 + max�0,   𝑎𝑎𝑐𝑐− 𝑎𝑎�𝑐𝑐𝑡𝑡�
𝑎𝑎�𝑐𝑐𝑑𝑑

  with  𝑚𝑚�𝑐𝑐𝑡𝑡   and  𝑚𝑚�𝑐𝑐𝑑𝑑  positive parameters 

 
 
Let 𝑅𝑅� (�̅�𝐴,𝑊𝑊� , 𝐿𝐿�, �̅�𝑠, 𝑝𝑝, �̂�𝑝)  be the optimal net revenue as function of the resources and 
exogenous variables. Then the ‘total’ shadow price of water equals: 

𝜕𝜕𝑅𝑅�

ð𝑊𝑊�
=  𝜇𝜇 + ∑  𝜒𝜒𝑐𝑐0  𝑎𝑎𝑐𝑐

𝑎𝑎�𝑐𝑐0
 𝑐𝑐 Μ𝑐𝑐  

where  Μ𝑐𝑐  is the yield-induced shadow price of crop c (as in Exercise 1), hence 

Μ𝑐𝑐 =   𝑝𝑝𝑐𝑐 𝛾𝛾𝑐𝑐 𝜅𝜅𝑐𝑐
𝑦𝑦 (𝑦𝑦𝑐𝑐

𝑟𝑟𝑟𝑟𝑟𝑟 𝜔𝜔𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟)�   if  𝜀𝜀 < 𝛽𝛽𝑐𝑐 < 1 

  and equal to 0 otherwise 

(pre-multiplied by 1000 if the price is expressed per kg and the yield is expressed in ton) 

 
Assignment: 
Open the Excel file of exercise 3. Worksheet Intro gives an introduction. Worksheet Data has 
the data input (in green). The model is specified and run in worksheet FarmModel. The 
resulting shadow prices are calculated in worksheet Shadowprice.  

a) Use the existing version of the input parameters to run the model and calculate the 
resulting shadow price of water. Both steps are explained in worksheet Intro  

b) Test the dependency of the outcomes on water availability by reducing the current 
resource by 25%  (change cell M6 of worksheet FarmModel) 

c) Test the dependency of the outcomes on labor availability by reducing the current 
resource by 25%  (change cell M5 of worksheet FarmModel) 

 

  



Symbols used 
 
Indices: 
𝑐𝑐  crop 

𝑔𝑔  growth period 

𝑘𝑘  commodity (fertilizer, services) 

 

Parameters, coefficients and variables: 

𝑚𝑚𝑐𝑐  area under crop c, in ha 

𝑚𝑚�𝑐𝑐𝑑𝑑  denominator in labor augmenting factor for crop c, in ha 

𝑚𝑚�𝑐𝑐𝑡𝑡   threshold level in labor augmenting factor for crop c, in ha 

𝑚𝑚�𝑐𝑐0  ex-ante crop area under crop c, in ha 

�̅�𝐴  available land in ha 

𝐸𝐸𝐸𝐸0  local standard evapotranspiration during the full growth season, in mm 

𝐸𝐸𝐸𝐸𝑐𝑐0  local standard evapotranspiration in growth period g, in mm 

ℓ𝑐𝑐  labor use for crop c, in 1000 man-days 

𝐿𝐿�  available labor in 1000 man-days 

𝑝𝑝𝑐𝑐  price of crop c, in USD/kg 

�̂�𝑝𝑘𝑘  input price of commodity k, in USD/kg 

𝑞𝑞𝑐𝑐  output of crop c, in ton 

�̅�𝑠  salinity in dS/m 

�̅�𝑠𝑐𝑐  salinity in growth period g, in dS/m 

𝑣𝑣𝑘𝑘𝑐𝑐  input of commodity k for crop c, in ton 

𝑤𝑤𝑐𝑐  water use by crop c, in 1000 m3 

𝑊𝑊�   available water in 1000 m3 

𝑦𝑦𝑐𝑐  yield of crop c, in ton/ha 

𝑦𝑦�𝑐𝑐  ex-ante determined yield of crop c, in ton/ha 

𝑦𝑦𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟  reference (maximal) yield of crop c, in ton/ha 

𝑦𝑦𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟  reference (maximal) yield increase of crop c in growth period g, in ton/ha 

 



𝛼𝛼𝑐𝑐𝑐𝑐  share of reference yield of crop c that develops in period g  

𝛽𝛽𝑐𝑐  yield reduction factor due to water shortage, for crop c 

𝛽𝛽𝑐𝑐𝑐𝑐  yield reduction factor due to water shortage, for crop c in period g 

𝛾𝛾𝑐𝑐  yield reduction factor due to salinity, for crop c 

𝛾𝛾𝑐𝑐𝑐𝑐  yield reduction factor due to salinity, for crop c in period g 

𝜂𝜂𝑐𝑐   labor augmenting factor for crop c  

�̅�𝜗𝑐𝑐  reference labor input per hectare for crop c 

𝜅𝜅𝑐𝑐  relative water requirement (factor) of crop c 

𝜅𝜅𝑐𝑐𝑐𝑐  relative water requirement (factor) of crop c in growth period g 

𝜅𝜅𝑐𝑐
𝑦𝑦  coefficient of water impact on yield of crop c  

𝜏𝜏𝑐𝑐  coefficient in salinity impact on yield of crop c 

𝜐𝜐𝑐𝑐  intercept term in salinity impact on yield of crop c 

𝜒𝜒𝑐𝑐0  ex-ante water allocation share of crop c 

𝜓𝜓�𝑘𝑘𝑐𝑐  input coefficient of commodity k for crop c, in ton/ha 

𝜔𝜔𝑐𝑐  water use by crop c, in m3/ha 

𝜔𝜔�𝑐𝑐  ex-ante determined water use by crop c, in m3/ha 

𝜔𝜔𝑐𝑐𝑐𝑐  water use by crop c in growth period g, in m3/ha 

𝜔𝜔𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟  reference water requirement by crop c, in m3/ha 

𝜔𝜔𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑟𝑟  reference water requirement by crop c in growth period g, in m3/ha 

 


